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1 Gradient of ZH coefficient VL;
The ZH coefficient L is represented with:

L0 = | 5777 (Prea(@) = Pra (@), 1)

a = cos(a(x)), 2)
a(x) = arcsin (r/|ly — x|), ®3)

The gradient of L;(x) is calculated as:

/1

Vi) = 2l+1

(VPi_1(a) = VPi1(a)) 4

The gradient of Legendre polynomial VP;(«) is calculated as:
VP (a) = P/(a)Va = P/ (a) (- sin(a(x))Va(x)) (5)

By substituting Eq. (5) into Eq. (4), VI;(x) is calculated as:

VP(a) = sin(a(x))Va(x) (P, (a) = P|_(a)). (6)

T
20+ 1 +1

By using the following identity (2/ + 1)P;(x) = P;,, (x) — P/_, (%),
VP;(«) is calculated as:

VP(a) = lzl’fr - sin(a(x))Va(x) (21 + DPi() )
=+/(2l + 1) zsin(a(x))Va(x)P;(a). 8)
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2 SH gradient using SSH gradient

The derivative of solid spherical harmonics (SSH) f’l'" = rlYl’” with
respect to x is calculated as:

8x17lm = lrl_l(x/r)Ylm + r’axY,’" = lxrl_ZYlm + r’axY,’".

Since we are interested in the derivative Vf’l’" for unit directions,
we substitute » = 1 and the gradient Vf/l’" is simplified as:

VY (0) = 1Y (0)w + VY™ (). )

Cartesian derivatives of Q[", s, and ¢y, are simply represented as
the following equations [Bigi et al. 2023]:

Q" = xQ["Y,
2yQ" = le"—lJ;l’
2:Q" = (I+m)Q" .
OxSm = MSm—1, (10)
dySm = MCm-1,
OxCm = MCpy—1,
dyCm = —MSm—1.
To simplify the notation, we define s, = ms,,_1 and c,,, = mcp,—1.

Then the partial derivatives of s,, and c,, with respect to x and y
are expressed as:
xSm = MSpy—1 = Spys
ySm = MCp—1 =,
yom m-1 >
; (11)

’
OxCm = MCm—1 = Cp,

OyCm = —MSp_1 = =Sy,

We also define the second derivatives s, = m(m — 1)sp,_, and
’’

¢y =m(m—1)cp—p as:

”
OxxSm = MIxSm-1 = m(m - l)sm—Z = Sm»

—_ _ o
OxySm = MAxCm—1 = m(m — 1)cpm_y =y,

AyySm = MAyCm_1 = —m(m — 1)$p,_5 = =57,

OxxCm = MAxCm—1 = m(m — 1)cm—g = Cpyy, (12)
OxyCm = —MOxSp—1 = —m(m — 1)spm_z = =5,

AyyCm = —MySm—1 = —m(m — 1)cm_z = —Cpy,.

To unify the constant terms \/ﬁKlm for m # 0 and KIO for m =0, we
define k" as:

(13)

SIGGRAPH Conference Papers 25, August 10-14, 2025, Vancouver, BC, Canada.


HTTPS://ORCID.ORG/0000-0002-5235-536X
HTTPS://ORCID.ORG/0000-0002-2149-4113
https://doi.org/10.1145/3721238.3730689
https://doi.org/10.1145/3721238.3730689
https://orcid.org/0000-0002-5235-536X
https://orcid.org/0000-0002-2149-4113
https://creativecommons.org/licenses/by/4.0
https://creativecommons.org/licenses/by/4.0
https://doi.org/10.1145/3721238.3730689

2« Keilwasaki and Yoshinori Dobashi

3 Derivative of SSH

By using the Cartesian derivatives in Eq. (10), the derivatives of
SSH Y™ (x, y, z) are simply calculated from the following recurrence
formulae. For m > 0, the derivatives of SSH are:

= km(me“cm + Qe
= k" (Y™ em — QP's), (19)
azf’,”' =kl +m)Q[" cm.
For m = 0, the derivatives of SSH are:
010~ KxQL,
Y] =kyQr_, (15)
2.Y) = k1Q) .
The derivatives of SSH Y™™ are
Y™ = kM (xQM s + Q')
2™ = K WO s + QF'ch). (16)
BZYI "=k (L + m)Q sm.

4 Second Derivative of SSH
The second derivatives of SSH f/l'” (x,y, z) are represented with the
following equations.

axxf/l'” =k (x lezzcm + le“(Zxc +cm) + Q" crn),

Oy Y™ = k] (xy Q)42 em + Q" (yey, — xs0,) — Qs
axszlm =k"(I+ m)(lem;lcm + Q" ch)s

- (17)
dyy Y™ = kM (y* Q4 em — Q! (2ysy, — em) — Q)¢
Ay X" = k(L + m) (yQ"3 em — QJ" 157),
oY =k (L+m)(I+m—1)Q" ,cm.
For m = 0, the second derivatives of f/lo are represented as:
0¥ = k) (x*QF, + Q).
nyl :klnyl—z’
oY) =k)1xQ]_,,
S0 _ 100,212 1 (18)
AyyY; =k (y°Q1_, +Q;_)),
ayzi/l0 = k?llel—r
0. Y0 = KoI(1 - 1)QY_,.
The second derivative of f/l_'” are calculated as:
Oxx Y™ = kM (XP QP s + QP (2xS), + Sm) + Qs
axyl?,"" = klm(nyl_2 sm + QN (xc), + ysi,) + Q)¢ “)
02 Y™ = K(1+ m) (xQ" s + O 7)), "

ayyf/[’" =k"(y lezzsm + le“(Zyc +5m) — Qs
Y™ = KM (1+ m) (YO sm + O i)
oY =k +m)(L+m=1)Q 5.
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5 Explicit Formulae for Second Derivatives of SH

The second derivatives of SH Y™ for positive m are calculated as:

" = (RO en — 10 = 2)Y")x* + (2K Qe )x
=213 YM)x + (k" Q7 e — IY]™) + K" Q ),
dyy Y™ = (K"Q™ e, — (1 - 2)Y™)y? — (2K QI 1s), )y
=21y Y™)y + (k" Q" e — 1Y) — K" Q) ¢l
= (k"QIt2e, — (1 - 2)Y™)xy — (k"Q4? ﬁn)x
+ (K"QM el )y — Ix(9,Y™) — Iy(ox V™) — k" Q["spm
(1 MR 1L~ D2+ (- KT OP )
= Ix(3;Y") = Iz(a V™),
0y Y™ = (L + mK" QI ey — I(1 = 2)Y"2)y — (1 + m)K" QP 50y,
oY = —l(1-2)Y"2* = 21(a Y™z + (L + m)(L + m — DK]*Q[",
-y,
(20)

The second derivatives of SH Yl’m are calculated as:

= (kalm;2 sm—1(1-2)Y] ™ x? 4+ (kaQm“s )x
=21 Y, ™M) x + (K" Q) s — 1Y, ™) + K" Qs
Ayy Y™ = (k" Q esm — 1(1 = 2)Y, ™)y + (kaQ;"ngc;n)y
— 203, Y, ™)y + (KQP Y s — 1Y) = KOS,
Oy " = (k’"Q;";ZSm I(1-2)Y,™)xy - (k’"Qm”c )x
+ (k" QI sh )y — Ix(9, Y, ™) = ly(9: Y, ™) + k" Q) e,
Y, =((1+ m)kl'”Q;";lsm —1(0-2)Y,")x+ (I + m)klmQ,_ls;n
—Ix(3.Y, ™) — lz(ox Y, ™),
9y Y, ™ = ((I+ m)ka;";1 sm—1(1=2)Y, "2)y + (I + m)k" Q" ¢y,
O Y " =-l(1-2)Y7" 22 — 200 Y ™Mz + (L +m)(I + m = Dk"Q",
-y
(21)

As shown in Eqgs. (20) and (21), dxx Y’" 8nylm, 8yle , Oxx Y m
anyl-'", and ayyy-'" have common components that can be reused.
By defining the following terms, these second derivatives can be

computed as:

a’ =k"Q" e — I1(1 - 2)Y)",

blm — kam+1 ’ -
o= k"’Q}"? m
dlm - kam 7
m meAm /7 (22)
e =k"Q"s

ﬁm _ kam+1 _ lYlm,
g = kal'";Zsm —-1(-2y,7™,
W=k QM sy, — 1Y, ™,



Ox Y[" = a;"x2 +2(b" = 1o Y")x +d]" + f

Ay V" = a;"y2 =2(c" + 1o, Y yy —d" + f"

Oy Y™ = a'xy — (c]" +10,Y")x + (b]" — 1o Y™ )y — ¢]"
Oxx Y = glmx2 +2(c" =10 Y ™)x + e" + b}
dyyY, ™ = g;"y2 +2(b" =19, Y, ™)y — " + "
Oxy Y™ = g"xy + (b]" = 19, Y ™)x + (¢" = 1oy Y, ™)y + d]"

(23)

6 Spherical Harmonics Hessian using Spherical
Coordinate Derivative Method

This section explains a derivation of SH Hessian based on spherical
coordinate derivative (SCD) method. We first review the deriva-
tion of SH gradient dpY” and d4Y;" proposed by [Mézicres et al.
2022]. The derivative 9, Y™ with respect to the azimuthal angle ¢ is
calculated as:

-mY "™(0,4) m<0

Y = 0 m=0, (24)
-mY "™(0,4) m>0

The derivative dpY;™ with respect to 0 is represented as:

\/EK['”&@PI"" sin(-mf) m<0
KloagPl(cos 0) m=0, (25)
\/EK;"aGP;" cos(m0) m>0

dY" =

To evaluate the derivative 9y Yl’”, the derivative of associate Legendre
polynomial dpP[" is required. To compute dpP", Mezieres et al.
derived the following equation:

sin™ 0

9P (cos0)  P*(cos0) mcos b P["(cos 0)
sin?@ ~ sin™@  sinf (

) (26)

By defining ¢;" = P["(cos 0)/sin™ 0 and t]" = 9p(P}" (cos 0) /sin™ 0),
Eq. (26) is rewritten as:

9pP"(cos0) mcos®
sin™@ 4 sin 0

+ " (27)

As described in our paper and shown in the following equations,
SCD method, by definition, suffers from the division by sin 6 shown
in gf" itself and mcos 0/sin 0. q;" and ¢;" are calculated via the re-
currence formulae (please refer to [Méziéres et al. 2022]).

6.1 Second derivative of SH with respect to spherical
coordinate (6, ¢)

We derive the second derivatives of SH 9pg Y™, 99y Y;", and 94 Y™ by

differentiating Eqs. (24) and (25). dp, Y,™ and 9 Y] can be computed

easily by using the first derivative of SH 9pY;™ as:

-mdpY; ™ (0,¢) m <0
ag¢Y[" = 0 m=0, (28)
-mdpY; (0, ¢) m >0

—m?dp Y™ (6, m#0
a(/)(}SYlm:{ 901 ( ¢) meo (29)
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On the other hand, 9p¢Y,™ requires the second derivative of asso-

ciated Legendre polynomial dpP[" as:
\/EK;maggP;m sin(-mf) m<0
KloaggPl(cos 0) m=0 . (30)
V2K 99 P™ cos(mb m>0
1 1

deoY," =

By differentiating 9 P[" (cos 0) and dividing sin™ 6 in the same
way as the previous methods [Mézieres et al. 2022; Sloan 2013], the
second derivative dggY;" is calculated as:

9goPy" (cos 0) cos’*0 . m cos 0
L = —1)——q" - +2m— " 4
sin™ 0 m(m 1) sin® 0 @ = ma Msng 1 T
(31)
where sl’" is defined as:
m m P"(cos 0)
s = agtl = dgo —Sil’lm 9 (32)

s/" is calculated by the following recurrence formulae:
sm=0,
Sme1 = —(2m + 1)(cos Oq]"),

g = (21 = 1)(cos O(s", —q") — 2sin 01" ) — (L + m — 1)5712.

I-m
(33)

The second derivatives with respect to Cartesian coordinates are
represented with those with spherical coordinates as:

axxYIm = axxeaeYlm + (9x9)2909 Ylm
+ 20,00, $pp Y™ + Oxx P Y™ + (9x$)0pyp V™.

anyl’" = axyeangm + axeayeagngm + ax93y¢99¢ Ylm (34)
+ 9x¢ay059¢ Ylm + 9x¢ay¢a¢¢ Ylm + axy¢a¢ Ylm.

aszlm = 3xy939Ylm + axeazeagngm + ax(ﬁazeag(/,Ylm

dyyY[" = 9yy009Y]" + (340)9p0Y;"

+ 20,00y $dgyY]" + 0yyhdyY" + (9y$) 9y V™.
ayzY[" = 3y2939Ylm + agayeagngm + 3298y¢39¢ Ylm
aZZYl’" = azzeang’” + 329329899Ylm

(35)

The second derivatives of spherical coordinates (6, ¢) with respect
to Cartesian coordinates (x, y, z) are calculated as:

z(=2x* - xzyz + y4 + yzzz)

Oxxt = (x% + y2)3/2(x2 + 12 + 22)2
9ui0 = — xyz(3x% + 3y% + 2%)

Y (x% + y2)3/2(x2 + yz +22)2
3.0 x(x® +y? - 2%)

- Va2 + y?(x? + y? + 22)?
2t 1% (2 - ) - 2yY)
yyr = (x% + y2)3/2(x2 + 12 + 22)2

Y +yt - 2)

(36)

0y.0 =

N Y2 (x? + y? + 22)?
22(x% + 12

ot A+ )

- Va2 + Y (x? + y? + 22)?
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2xy
Oxxp = (x2 + y2)2
2 _ 42
Yy -x
OxyP = 5=
v (x% +y2)2
Ox2 =0 37)
2xy
dyy$ (22 + y2)2
dyzp =0

The above derivatives are the elements of the conversion matrix
from spherical coordinates to Cartesian coordinates for the Hessian
matrix calculation.

7 Generated C++ codes to compute SH, SH gradient, and
SH Hessian

We have implemented a code generator for C++ to compute SH
Y™, SH gradient VY;", and SH Hessian H{Y;" using the recurrence
formulae described in the submitted paper. Here, we show a part of
the generated code for fourth-order SH. The codes for higher orders
are included in the supplemental material. As shown in the code,
SH gradient VY, and SH Hessian HY;™ are calculated by reusing
Q[ (variable glm in the code).

Figs. 2 compare the numbers of (a) multiplication operations and
(b) addition/subtraction operations that are counted in the generated

SIGGRAPH Conference Papers ’25, August 10-14, 2025, Vancouver, BC, Canada.

codes with different SH orders. As shown in Fig. 2(a), the number
of multiplication operations in the SCD method is 1.5% compared
with that of our method, since the SCD method requires the matrix
multiplication of the gradient from the spherical coordinate to the
Cartesian coordinate.

25000 20000
Bmours mmezieres Eous EMmezieres
20000 15000
15000
10000
10000
- I I I o I I
canill —
(a) 4 6 8 10 12 14 16 18 20 (b) 4 6 8 10 12 14 16 18 20
SH Order SH Order

Fig. 2. The numbers of (a) multiplication operations and (b) addition/sub-
traction operations between our method and SCD method.
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1 // x, y, z are normalized coordinates of the evaluation direction
2 #pragma once
3 template< size_t L > void shhessian( const float x, const float y, const float z, float *ylm, std::array< glm::vec3, L *
L > &glm, std::array< glm::mat3, L * L > &hlm );
4 template<> void shhessian< 4 >( const float x, const float y, const float z, float *ylm, std::array< glm::vec3, 16 > &
glm, std::array< glm::mat3, 16 > &hlm )
s
6 float c@, c1, cm, cs, s@, sl, sm, ss, tmp, tmp@, tmpl, tmp2, tmp3, tmp4, tmp5, tmp6, tmp7, 1lx, ly, 1lz;
7 const float x2 = x * x;
8 const float y2 =y * y;
9 const float z2 = z % z;
10 const float xy = x * y;
11 const float xz = x * z;
12 const float yz =y * z;
13 std::array< float, 16 > qlm {3};
14 //zonal harmonics(m=0)
15 ylm[ 0 1 = glm[ 0 ] = 0.2820947917738781°f;
16 ylm[ 2 1 = qlm[ 4 ] = 0.4886025119029199f * z;
ylm[ 6 1 = qlm[ 8 ] = 0.9461746957575601f * z2 - 0.3153915652525200f;
18 ylm[ 12 ] = glm[ 12 ] = 1.9720265943665387f x z % ylm[ 6 ] - 1.0183501544346309f x ylm[ 2 1;
19 cO = x; sO0 =y; cl =1; s1 = 0;
20 //m = 001
1 qlm([ 5 ] = -0.4886025119029200f;
22 ylm[ 31 = glm[ 51 * co;
23 ylm[ 1 ] = qglm[ 51 % s0;
2 qlm[ 9 1 = -1.0925484305920792f * z;
25 ylm[ 7 1 = qlm[ 9 1 * co;
26 ylm([ 51 = qlm[ 9 ] * s0;
27 glm[ 13 ] = -2.2852289973223292f * z2 + ©.4570457994644658f;
28 yIm[ 13 ] = qlm[ 13 ] * c@;
29 ylm[ 11 ] = glm[ 13 ] * s0;
30 sl = s@; cl1 = ¢c@; cO0 = x * cl -y *x sl; s@ =y * cl + x * sl;
31 //m = 002
32 glm[ 10 ] = 0.5462742152960396f;
33 ylm[ 8 1 = qglm[ 10 ] * co;
34 ylm[ 4 1 =qlml 10 1 * s0;
35 gqlm[ 14 ] = 1.4453057213202773f x z;
36 ylm[ 14 1 = glm[ 14 1 * co;
3 ylm[ 10 1 = glm[ 14 1 * so;
38 sl = s@; cl1 = ¢c@; cO0 = x * cl -y *x sl; s@ =y * cl + x * sl;
39 //m = 003
10 glm[ 15 ] = -0.5900435899266435f;
A1 ylm[ 15 1 = glm[ 15 1 % c0;
42 ylm[ 9 1 =gqlml 15 1 * s0;
43 //calculate gradient and hessian
14 glm[ 01 ={};
45 hlm[ 0 ] = glm::mat3( 0.f );
16 Ix = x; ly = y; 1z = z;
47 glm[ 2 1.x = - x *x ylm[ 2 13
18 glm[ 2 1.y = -y *x ylm[ 2 1;
19 glm[ 2 ].z = -z % ylm[ 2 ] + 0.4886025119029199f;
50 hlm[ 2 JL e 1L 01 =~-(CCC1=-x2)x*xylm[ 21+ 2% x *x glm[ 2 1.x );
51 him[ 2 1L e 1L 11 =- (- xy %= ylm[ 2] +y *x glm[ 2 1.x + x * glm[ 2 1.y );
52 hlm[ 2 JL @ 1L 21 =-(C - xz x ylm[ 21+ z *x glm[ 2 ]J.x + x x glm[ 2 1.z );
53 hlm[ 2 10 1 1L @ 1 = hlm[ 2 10 e 1L 1 1;
54 hlm[ 21011011 =-CC1-y2) x ylml 21+ 2xy % glml 2 1.y );
55 him( 2 10110271 =-(-yz * ylm[ 21+ z % glml 2 1.y +y * glm[ 2 1.z );
56 hlm[ 2 10 2 1L @ 1 = hlm[ 2 10 o 1L 2 1;
57 hlm[ 2 10 2 10 1 1 = hlm( 2 101 10 2 1y
58 hlim[ 212121 =-(CC1-22) * ylm[ 2 1+ 2 % z % glm[ 2 1.z );

Fig. 1. A part of generated C++ code to evaluate SH Y, (float

(std::array<glm:mat3,16> him).

*ylm), SH gradient

VY™ (std:array<glm

zvec3,16> glm), and SH Hessian T{YY"
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